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We study a hierarchy of directed percolation (DP) processes for particle speciesA, B, . . . ,
unidirectionally coupled via the reactionsA ! B, . . . . When the DP critical points at all levels
coincide, multicritical behavior emerges, with density exponentsbskd which are markedly reduced at
each hierarchy levelk $ 2. We compute the fluctuation corrections tobs2d to Ose ­ 4 2 dd using
field-theoretic renormalization group techniques. Monte Carlo simulations are employed to determine
the new exponents in dimensionsd # 3. [S0031-9007(98)05526-4]
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Nonequilibrium critical phenomena have been the f
cus of intense theoretical studies in recent years, promin
examples being phase transitions in driven diffusive sy
tems [1], kinetic Ising models [2], nonequilibrium growth
models [3], diffusion-limited chemical reactions [4,5], per
colationlike processes [6], and generally in lattice mode
or cellular automata. The concept of only a few distin
universality classes which determine the critical exp
nents has been remarkably successful for the desc
tion of static and even dynamic critical phenomena ne
equilibrium phase transitions [7]. However, it is still an
unresolved issue whether a similarly small number
universality classes can be identified in nonequilibriu
situations, which potentially contain much richer beha
ior. In addition to the dynamic universality classes liste
in Ref. [7], some notable new candidates have emerged
quite different circumstances, for example, the rougheni
transition in the Kardar-Parisi-Zhang equation [8], and th
critical point of directed percolation (DP) [9], as describe
by Reggeon field theory [10]. In fact, the DP universa
ity class appears to cover the majority of phase tran
tions from nontrivial active into absorbing states where th
order parameter noise vanishes. However, one strik
exception to this rule occurs when the relevant dynam
processes are constrained by an additional local “pari
symmetry, in which case the universality class is that
branching and annihilating random walks with an eve
number of offspring [11,12].

This work was originally motivated by recent studie
of a nonequilibrium growth model for adsorption and de
sorption of particles which displays a roughening trans
tion in d ­ 1 [13]. The key feature is that desorption
may take place only at the edge of an existing plate
so that particles cannot be desorbed from a comple
layer. Because of this property the dynamic processes
given height level decouple from all higher levels, i.e., th
processes at different heights are unidirectionally couple
This growth model can in fact be related to a reactio
diffusion problem for a hierarchy of particle specie
A, B, . . . , which correspond to different height levels
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respectively. Each of these species is subject to
prototypical DP processes (see Refs. [10,12])

A ! A 1 A, A 1 A ! A, A ! [ , (1)

with reaction ratessA, lA, and mA, respectively (and
accordingly for particlesB, . . .). However, there is also
a coupling from each previous hierarchy level to the ne
one via random particle transmutations

A ! B, B ! C, . . . , (2)

with rates mAB, mBC , . . . , but no feedback mechanism
from the B to the A species, etc. For simplicity, we
shall assume that the diffusion constantD for all particle
speciesA, B, . . . is identical. WhenmAB ­ mBC ­ · · · ­
0, the system decouples, and for theith species there
is a critical point separating an active from an absor
ing state, where essentially the branching ratesi and de-
cay ratemi balance one another. At this point there a
three independent critical exponents governing (i) the d
vergence of the correlation lengthj ~ jrij

2n' (whereri ~

mi 2 si denotes the deviation from the critical point)
(ii) the critical slowing down of characteristic time scale
tc ~ jz ~ jrij

2nk , with nk ­ zn', and (iii) the value of
the asymptotic particle density in the active phase,nist !
`d ~ jrij

b. Alternatively, this third independent expo
nent may be swapped forh', which characterizes how
the equal-time pair correlation function decays at the cr
ical point ri ­ 0, Gsjxjd ~ 1yjxjd1z221h' [see Eq. (10)
below]. These exponents should be those of the DP u
versality class, with upper critical (spatial) dimensiondc ­
4. Numerical simulations ind ­ 1 have confirmed this,
and furthermore revealed thatn' ø 1.1 and z ø 1.6 re-
main unchanged atall hierarchy levels even when the
rates mAB . . . are switched on. However, whilebA ­
bs1d ø 0.27 as in DP for the primaryA particles, the par-
ticle density exponents for secondary and higher hierarc
levels are considerably reduced tobB ­ bs2d ø 0.11, and
bs3d ø 0.04, providedthe critical points for the processes
on the different levels coincide [13].

In the following, we shall mainly study the two-level hi-
erarchy of DP processes (1) forA andB particles coupled
© 1998 The American Physical Society 2165
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by the reactionA ! B. We explain the reduced value o
bs2d as a consequence of themulticritical behavior that
emerges whenrA ­ rB ­ r ! 0. It appears then rather
likely that similar multicritical behavior should emerge
in more general contexts than the specific growth mod
and diffusion-limited chemical reactions (1),(2), namel
whenever DP-like processes are coupled unidirectiona
without feedback. A qualitatively correct description i
obtained by analyzing the corresponding mean-field ra
equations, which yieldbskd ­ 1y2k21 at the multicritical
point on thekth hierarchy level. With the aid of the
renormalization group (RG), we then identify an addition
independentcrossover exponentf related to the relevant
scaling field (mAByD) of the two-level hierarchy multicriti-
cal point. A scaling relation will be derived expressin
bs2d in terms of f and the conventional DP exponen
b ­ bs1d. Using a field-theoretic representation (se
Refs. [14,15]) based on the master equation for this s
chastic process, we furthermore compute the fluctuat
corrections tof andbs2d to first order ine ­ 4 2 d [16].
Finally, these exponents are determined accurately
d # 3 dimensions by means of Monte Carlo simulations

We start by writing down the mean-field rate equation
for the average local densitiesnAsx, td andnBsx, td of the
A and B particles, both subject to the reactions (1), an
coupled via the random particle transmutationA ! B,

≠tnA ­ Ds=2 2 rAdnA 2 lAn2
A , (3)

≠tnB ­ Ds=2 2 rBdnB 2 lBn2
B 1 mABnA, (4)

whererA ­ smA 1 mAB 2 sAdyD andrB ­ smB 2 sBdyD.
Considering first the equation fornA, it is clear that
for rA . 0 the only stationary state isnA ­ 0 (inactive
phase). On the other hand, ifrA , 0 the density will
asymptotically approachn`

A ­ Ds2rAdylA . 0 (active
state), and hencebs1d ­ 1 in this approximation. From the
diffusive character of Eq. (3), and also from the function
form of its linear term, it follows thatz ­ 2 andn' ­ 1y2
in mean field. These last two results remain intact for th
B particles as well, even in the presence of particle influ
via the reactionA ! B. However, the possible stationary
states fornB actually depend on the value ofrA as well
as onrB, if mAB . 0. If rA . 0, and thereforenAst !
`d ­ 0, Eq. (4) reduces to a mean-field DP process wi
critical point rB ­ 0 and b ­ 1. On the other hand, in
the A-particle active state,rA , 0, the stationary solution
of (4) becomesn`

B ­ fsDrBy2lBd2 1 mABn`
AylBg1y2 2

DrBy2lB; i.e., there is merely a crossover from a low
density to a high-density regime in the vicinity ofrB ­ 0.
An interesting situation arises whenrA ­ rB ­ r , as in
this case the second term in the square brackets domin
for jrj ! 0,

n`
B ­ fDmABs2rdylAlBg1y2 1 Osjrjd . (5)

Hence bs2d ­ 1y2 instead of the mean-field DP value
More generally, this multicritical behavior arises in th
regime sDrBy2lBd2 ø Ds2rAdmABylAlB for rA " 0.
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On the other hand, forrB . 0 and sDrBy2lBd2 ¿
Ds2rAdmABylAlB one findsn`

B ­ s2rAdmAByrBlA, and
thus one expects DP transitions for theB speciesboth as
rB ! 0 (with rA . 0) andrA ! 0 (rB . 0) [17].

Notice that there are three critical lines, namely, (rA ­
0, rB . 0), (rA ­ 0, rB , 0), and (rA . 0, rB ­ 0), two
of which are critical lines for theB particles, meeting at
the pointrA ­ rB ­ 0. This special point can therefore
be interpreted as a multicritical point, with the mean
field order parameter exponent halved as compared
the ordinary critical point. Clearly the generalization o
Eqs. (3) and (4) tok hierarchy levels leads tobskd ­
1y2k21 at the multicritical pointrA ­ rB ­ · · · ­ 0.

For d , dc ­ 4, one expects that these mean-field val
ues will be strongly modified by fluctuation effects. We
have performed Monte Carlo simulations ind # 3 dimen-
sions in order to determine the survival probability expo
nent bskdyn

skd
k up to the third hierarchy level. The DP

processes (1) are realized by a cellular automaton whi
evolves by parallel updates in which a site at timet 1 1
becomes active with probabilityp provided that the same
site, or at least one of its nearest neighbors, was active
time t. The coupling (2) between levels is incorporated b
the rule that active sites at a given level simultaneously im
pose active sites on all higher levels. We perform dynam
Monte Carlo simulations [18] where one measures the tem
poral evolution of the system at criticality starting from a
single seed (a singleA particle). Assuming thatn

skd
k ­ nk

is identical on all levelsk, we can use the survival proba-
bility to determine the density exponents, giving ind ­ 1
bs1d ­ 0.271s10d as in DP [19],bs2d ­ 0.108s10d, and
bs3d ­ 0.038s8d. These results are consistent with direc
estimations ofbskd obtained in off-critical simulations [13].
The mean-square spreading exponents yield the expon
z, with the resultszs1d ­ 1.57s2d (DP),zs2d ­ 1.58s2d, and
zs3d ­ 1.59s2d, which confirms that these exponents ar
identical on all levels. Similar results are obtained in
d ­ 2, d ­ 3 (see Table I).

In order to better understand the very low values foun
for bskd in the simulations, we clearly have to take
fluctuation effects into account. In low dimensions, wher
reaction noise in the processes (1),(2) is highly importan
a straightforward Langevin-type description of the nois
can be dangerous, because of the highly nontrivial for
of the noise correlations. Instead, it is useful to sta
from the corresponding master equation, and utilize
standard formalism involving a second-quantized boson
operator representation to derive an effective field theo
directly [14,15]. It is important to note that apart from

TABLE I. Results for the particle density exponentsbskd ob-
tained from Monte Carlo simulations and RG calculations.

d ­ 1 d ­ 2 d ­ 3 d ­ 4 2 e

bs1d 0.271(10) 0.57(5) 0.78(7) 1 2 ey6 1 Ose2d
bs2d 0.108(10) 0.30(4) 0.35(6) 1y2 2 ey6 1 Ose2d
bs3d 0.038(8) 0.13(3) 0.15(4) 1y4 2 ey6 1 Ose2d
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ing
the continuum limit, this procedure isexactand requires
no additional assumptions regarding the precise form
a

t
d

l

a

of
the noise. In the present case, the field theory describ
the two-level coupled reactions ind dimensions is defined
by the action (we omit terms related to the initial state)
S ­
Z

ddx
Z

dthāf≠t 1 DsrA 2 =2dga 2 sAā2a 1 lAsāa2 1 ā2a2d 2 mABb̄a 1 b̄f≠t 1 DsrB 2 =2dgb

2 sBb̄2b 1 lBsb̄b2 1 b̄2b2dj . (6)
d,
-

We remark thatkal ­ nA and kbl ­ nB, whereas the
fields ā, b̄ have no direct physical interpretation.

It is now convenient to rescale the fields accor
ing to ā ­ slAysAd1y2c̄0, a ­ ssAylAd1y2c0, b̄ ­
slBysBd1y2w̄0, b ­ ssBylBd1y2w0, and also define
new couplingsu0 ­ 2ssAlAd1y2, u0

0 ­ 2ssBlBd1y2, as
well as m0 ­ mABssAlBysBlAd1y2 (henceforth, the
subscript “0” denotes unrenormalized quantities).
we introduce a length scalek21 and correspondingly
ds
d-

If

measure times in units ofk22 (i.e., fD0g ­ k0), we
find that the new fields have scaling dimensionkdy2,
while frAg ­ frBg ­ fm0g ­ k2, which are thus relevant
perturbations in the RG sense. On the other han
fu0g ­ fu0

0g ­ k22dy2, and the corresponding DP nonlin
earities become marginal indc ­ 4 dimensions, as ex-
pected [10]. It is important to note, however, thatflAg ­
flBg ­ k22d , and hence these couplings areirrelevant
as compared tou0 and u0

0, and may be omitted in the
effective action (see Ref. [12]), which consequently rea
Seff ­
Z

ddx
Z

dt

Ω
c̄0f≠t 1 D0srA 2 =2dgc0 2

u0

2
sc̄2

0 c0 2 c̄0c2
0 d 2 m0w̄0c0 1 w̄0f≠t 1 D0srB 2 =2dgw0

2
u0

0

2
sw̄2

0w0 2 w̄0w2
0 d

æ
. (7)
e

The saddle-point equations corresponding to this action
precisely the mean-field rate equations (3),(4) but withc0,
w0 instead ofnA, nB, and withmAB, lA, andlB replaced
by m, u0y2, andu0

0y2. We remark that the harmonic par
of this action can be diagonalizedonly when rA fi rB,
leading to new cubic vertices mixing the fieldsc0 andw0.
However, these additional vertices have no influence on
behavior of theA andB species [20], and the diagonalize
theory leads to the anticipated DP critical behavior at bo
critical lines (rA ­ 0, rB fi 0) and (rA . 0, rB ­ 0) [17].

Here we are predominantly interested in the multicrit
cal pointrA ­ rB ­ r0 ! 0, and thus we must work with
the nondiagonal action (7). Furthermore, due to the inc
sion of the relevant scaling fieldm0, a number of “mixed”
cubic vertices are additionally generated at the tree lev
all of which have scaling dimensionk22dy2. These ver-
tices must be taken into account separately, and hence
need to replace (7) withSmc ­ Seff 1 DS, where

DS ­
Z

ddx
Z

dt

∑
2s0w̄0c̄0c0 2

s0
0

2
w̄2

0c0

1
s̃0

2
w̄0c2

0 1 s̃0
0w̄0w0c0

∏
. (8)

It is now a straightforward task to compute the reno
malized couplings and the RG fixed points to one-loo
order. The DP nonlinearities in (7) remain unaffecte
by the mixed vertices (8), and the stable nontrivi
fixed points for the associated dimensionless renormaliz
couplings u ­ u0A

1y2
d ksd24dy2 and u0 ­ u0

0A
1y2
d ksd24dy2,

whereAd ­ Gs3 2 dy2dy2d21pdy2, are
fsuyDdpg2 ­ fsu0yDdpg2 ­ 4ey3 1 Ose2d . (9)

Hence the critical exponentsh' ­ 2ey12 1 Ose2d,
n

21
' ­ 2 2 ey4 1 Ose2d, and z ­ 2 2 ey12 1 Ose2d
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remain those of the DP universality class atall hierarchy
levels, whereas the exponentbskd is unchanged only at
the first level

bs1d ­
n'

2
sd 1 z 2 2 1 h'd ­ 1 2 ey6 1 Ose2d .

(10)

For the similarly defined renormalized mixed cubic ver-
tices, one finds two RGfixed lines. The first is given by

ssyDdp ­ 2ss̃0yDdp, ss̃yDdp 2 ss0yDdp ­ 2ssyDdp,
(11)

fssyDdpg2 ­ 2sey3d1y2fssyDdp 1 ss0yDdpg , (12)

with stability matrix eigenvalues0, 0, 2ey3, 2ey3, which
imply that this fixed line (including the Gaussian fixed
point for DS) is unstable ford , 4. The second one,

ss0yDdp ­ ss̃yDdp, ssyDdp 1 ss̃0yDdp ­ 2sey3d1y2,
(13)

with again Eq. (12), turns out to bestableas its stability
matrix has eigenvalues0, ey3, ey3, 4ey3 [17]. We
remark that both fixed lines (11) and (13) with (12)
satisfy the condition sey3d1y2fss0yDdp 1 ss̃yDdpg ­
2ssyDdpss̃0yDdp, which ensures the cancellation of
strongly singular (UV divergent ind ­ 2) diagrams for
the renormalization ofm0. The RG eigenvalue ofm
at these fixed lines then becomesym ­ 2 1 ey6 and
ym ­ 2 2 ey6, respectively. In principle a product of
quartic vertices andm0 might enter the renormalizations
of the three-point functions as well. However, we have
checked that these additional couplings all have negativ
RG eigenvalues and are therefore irrelevant [17].
2167



VOLUME 80, NUMBER 10 P H Y S I C A L R E V I E W L E T T E R S 9 MARCH 1998

o
ui-

.

-

,

l

s.

y

We next define the crossover exponentf related to the
new scaling fieldmyD, as it appears in the general scalin
form for theB-species “density” field,

wsjrj, myDd ­ jrjb
s1d

ŵsjr j2fmyDd (14)

and identify

f ­ n's ym 1 z 2 2d ­ 1 1 Ose2d (15)

at the stable fixed line.
Finally, we relate the above exponentf to the den-

sity exponentbs2d on the second hierarchy level. We firs
use the RG flow equations for the scale-dependent ren
malized parameters, and then match to our earlier me
field result (5) for the density in the active phase in th
vicinity of the multicritical point. In terms of the rescaled
fields, we foundw

`
0 ­ s2m0c

`
0 yu0

0d1y2 for r0 ! 0. Es-
sentially, we now have to replace the bare paramet
here by their flowing renormalized counterparts, when i
verse length scales are rescaled according tok ! k,. To
that end, we first note that the fieldsc and w scale as
,sd1z221h'dy2. Furthermore, theOsed fixed points (9) re-
quire us0ds,dyDs,d ! const, and according to our defini
tions, we havers,d ! r,21yn' andms,dyDs,d ~ ,2fyn' .
Upon identifying, ­ s2rdn' , we finally arrive at

bs2d ­ bs1d 2 fy2 ­ 1y2 2 ey6 1 Ose2d , (16)

using our above results [16]. Equivalently, this follow
by demanding that the scaling function in Eq. (14) beha
as ŵsxd ! x1y2 for x ! `, as prescribed by mean-field
theory (5). TheOsed result (16) constitutes a sizable
downwardrenormalization through fluctuation effects, a
is also evident from the simulation data in Table I. The
can be explained with the valuesf ø 0.33, 0.54, and0.86
in d ­ 1, 2, and3, respectively.

In principle, these considerations are readily gener
ized to further hierarchy levels [17]. For example, a
though a combination of processesA ! B and B ! C
will generate the reactionA ! C as well, one finds that
the additional relevant scaling fieldmAC does not en-
ter the leading contribution to theC density near the
multicritical pointrA ­ rB ­ rC ­ r ! 0. HencenC ø
fDmABm

2
BCs2rdylAlBl

2
Cg1y4, implying that no additional

independent exponents need to be introduced. We th
find bs3d ­ bs1d 2 3fy4 ­ 1y4 2 ey6 1 Ose2d.

In summary, we have studied a hierarchy ofunidirec-
tionally coupledDP processes (no feedback), as defin
by the diffusion-limited reactions (1),(2). Already within
mean-field theory, we have identified a purelydynamic
multicritical point, which occurs when the DP critical
points at each level coincide. Using a field-theoretic re
resentation, we have evaluated toOsed the crossover ex-
ponentf related to the relevant scaling fieldmAByD. We
then derived a scaling relation which allowed us to d
termine bs2d. In accord with our Monte Carlo simula-
tion results, fluctuation effects lead to a strongdownward
renormalization of the density exponents as compar
with the mean-field valuesbskd ­ 1y2k21. We empha-
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size that the existence of such a multicritical regime is t
be expected generically whenever processes of the ubiq
tous DP universality class are coupled unidirectionally.
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