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We study a hierarchy of directed percolation (DP) processes for particle spacigs..,
unidirectionally coupled via the reaction$ — B,.... When the DP critical points at all levels
coincide, multicritical behavior emerges, with density exponesit which are markedly reduced at
each hierarchy levet = 2. We compute the fluctuation corrections 8 to O(e = 4 — d) using
field-theoretic renormalization group techniques. Monte Carlo simulations are employed to determine
the new exponents in dimensiods= 3. [S0031-9007(98)05526-4]

PACS numbers: 64.60.Ak, 05.40.+j, 82.20.—w

Nonequilibrium critical phenomena have been the fo-respectively. Each of these species is subject to the
cus of intense theoretical studies in recent years, prominetrototypical DP processes (see Refs. [10,12])
examples being phase transitions in driven diffusive sys- A— A+ A, A+A— A, A=, @)

tems [1], kinetic Ising models [2], nonequilibrium growth with reaction ratesos, A4, and u,, respectively (and

models [3], diffusion-limited chemical reactions [4,5], per- accordingly for particless, ..). However, there is also

colationlike processes [6], and generally in lattice models . . .
. .. __-a coupling from each previous hierarchy level to the next
or cellular automata. The concept of only a few distinct

. X ) . o one via random particle transmutations
universality classes which determine the critical expo-

nents has been remarkably successful for the descrip- A—B,  B—C,..., 2)
tion of static and even dynamic critical phenomena neawith rates wag, wsc,..., but no feedback mechanism
equilibrium phase transitions [7]. However, it is still an from the B to the A species, etc. For simplicity, we
unresolved issue whether a similarly small number ofshall assume that the diffusion const@nfor all particle
universality classes can be identified in nonequilibriumspecies, B, ... is identical. Whenuag = upc = -+ =
situations, which potentially contain much richer behav-0, the system decouples, and for thh species there
ior. In addition to the dynamic universality classes listedis a critical point separating an active from an absorb-
in Ref. [7], some notable new candidates have emerged iimg state, where essentially the branching rateand de-
quite different circumstances, for example, the rougheningay rateu; balance one another. At this point there are
transition in the Kardar-Parisi-Zhang equation [8], and thethreeindependent critical exponents governing (i) the di-
critical point of directed percolation (DP) [9], as describedvergence of the correlation leng¢he |r;|~*+ (wherer; «
by Reggeon field theory [10]. In fact, the DP universal-u; — o; denotes the deviation from the critical point),
ity class appears to cover the majority of phase transi(ii) the critical slowing down of characteristic time scales
tions from nontrivial active into absorbing states where the, o« £° o |r;|~71, with v = zv, and (iii) the value of
order parameter noise vanishes. However, one strikinthe asymptotic particle density in the active phas€, —
exception to this rule occurs when the relevant dynamice) « |r;|#. Alternatively, this third independent expo-
processes are constrained by an additional local “parityhent may be swapped fa, , which characterizes how
symmetry, in which case the universality class is that othe equal-time pair correlation function decays at the crit-
branching and annihilating random walks with an evenical point r; = 0, G(|x]) < 1/|x|?T2~2" 7. [see Eq. (10)
number of offspring [11,12]. below]. These exponents should be those of the DP uni-
This work was originally motivated by recent studies versality class, with upper critical (spatial) dimensitin=
of a nonequilibrium growth model for adsorption and de-4. Numerical simulations il = 1 have confirmed this,
sorption of particles which displays a roughening transi-and furthermore revealed that ~ 1.1 andz = 1.6 re-
tion in d = 1 [13]. The key feature is that desorption main unchanged aall hierarchy levels even when the
may take place only at the edge of an existing plateavates ua5... are switched on. However, whilg, =
so that particles cannot be desorbed from a completeg@!) = 0.27 as in DP for the primaryt particles, the par-
layer. Because of this property the dynamic processes atticle density exponents for secondary and higher hierarchy
given height level decouple from all higher levels, i.e., thelevels are considerably reducedgg = B =~ 0.11, and
processes at different heights are unidirectionally coupledd® =~ 0.04, providedthe critical points for the processes
This growth model can in fact be related to a reaction-on the different levels coincide [13].
diffusion problem for a hierarchy of particle species In the following, we shall mainly study the two-level hi-
A,B,..., which correspond to different height levels, erarchy of DP processes (1) farand B particles coupled
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by the reactio™ — B. We explain the reduced value of On the other hand, forrz > 0 and (Drg/2Ap)* >
B? as a consequence of tmeulticritical behaviorthat — D(—r4)uag/AsAg ONne findsng = (—ra)puas/rgAa, and
emerges whemy = rp = r — 0. It appears then rather thus one expects DP transitions for tBespecieshoth as
likely that similar multicritical behavior should emerge rg — 0 (with r4 > 0) andry, — 0 (rg > 0) [17].
in more general contexts than the specific growth model Notice that there are three critical lines, namely, €
and diffusion-limited chemical reactions (1),(2), namely,0, rg > 0), (ra = 0, rg < 0), and ¢4 > 0, rg = 0), two
whenever DP-like processes are coupled unidirectionallpf which are critical lines for theé3 particles, meeting at
without feedback. A qualitatively correct description is the pointrs = rg = 0. This special point can therefore
obtained by analyzing the corresponding mean-field ratée interpreted as a multicritical point, with the mean-
equations, which yiel@8®) = 1/2¢~! at the multicritical ~ field order parameter exponent halved as compared to
point on thekth hierarchy level. With the aid of the the ordinary critical point. Clearly the generalization of
renormalization group (RG), we then identify an additionalEqgs. (3) and (4) tok hierarchy levels leads t@* =
independentrossover exponenp related to the relevant 1/2%~! at the multicritical pointry = rz = --- = 0.
scaling field 45/ D) of the two-level hierarchy multicriti- Ford < d. = 4, one expects that these mean-field val-
cal point. A scaling relation will be derived expressing ues will be strongly modified by fluctuation effects. We
B? in terms of ¢ and the conventional DP exponent have performed Monte Carlo simulationsdn= 3 dimen-
B = BW. Using a field-theoretic representation (seesions in order to determine the survival probability expo-
Refs. [14,15]) based on the master equation for this StOnent,B(")/vﬁk) up to the third hierarchy level. The DP
chastic process, we furthermore compute the fluctuatioprocesses (1) are realized by a cellular automaton which
corrections tap and @ to first order ine = 4 — d [16].  evolves by parallel updates in which a site at time 1
Finally, these exponents are determined accurately iBecomes active with probability provided that the same
d = 3 dimensions by means of Monte Carlo simulations. site, or at least one of its nearest neighbors, was active at
We start by writing down the mean-field rate equationsimes. The coupling (2) between levels is incorporated by
for the average local densitiesi(x, 1) andng(x, ) of the  the rule that active sites at a given level simultaneously im-
A and B particles, both subject to the reactions (1), andyose active sites on all higher levels. We perform dynamic
coupled via the random particle transmutatior~ B, Monte Carlo simulations [18] where one measures the tem-
9ms = D(V2 — rng — Aand, 3) ppral evolution gf the sygtem at critica.llity star(t;)ng from a
single seed (a singlé particle). Assuming that " = v
d;ng = D(V? — rg)ng — Agny + magna, (4) is identical on all levels, we can use the survival proba-
bility to determine the density exponents, givingdn= 1
wherery = (ua + pap = 04)/D andrg =(ug — 0p)/D. 1Y = 0271(10) as in DP [19], 3% = 0.108(10), and
Considering first the equation fo"A', It Is clt_ear t_hat B = 0.038(8). These results are consistent with direct
for r, > 0 the only stationary state is, = 0 (inactive  gg4imations o obtained in off-critical simulations [13].

phase). _On the other hgnd, #h < 0 the density ‘.Ni” The mean-square spreading exponents yield the exponent
asymptotically approactk, = D(—rs)/A4 > 0 (active z, with the results ) = 1.57(2) (DP),z? = 1.58(2), and

(1) — . . - . i .
state), and hencg linthis approximation. Fromthe () _ 1.59(2), which confirms that these exponents are
diffusive character of Eq. (3), and also from the functionaliyentical on all levels. Similar results are obtained in

form of its linear term, it follows that = 2 andv, = 1/2 d =2,d =3 (see Table 1)

in mean field. These last two results remain intact for the In o'rder to better unders'tand the very low values found
B particles as well, even in the presence of particle influx, B® in the simulations, we clearly have to take
via the reactiomt — B. However, the possible stationary fluctuation effects into account. In low dimensions, where

states forf’B actually depend on the value of as well  o50ti0n noise in the processes (1),(2) is highly important,
as onrp, if pap > 0. If ry >0, and thereforan(r — straightforward Langevin-type description of the noise
) = 0, Eq. (4) reduces to a mean-field DP process Withyyy he gangerous, because of the highly nontrivial form
critical pointry =0 andg = 1. On the other hand, in ot the noise correlations. Instead, it is useful to start
the A-particle active stater, < 0, Ehe stationary slolzutlon from the corresponding master equation, and utilize a
of (4) becomesng = [(Drp/2Ap)" + wanna/Asl /- standard formalism involving a second-quantized bosonic
Drg/2Ag; i.e., there is merely a crossover from a low- operator representation to derive an effective field theory

density to a high-density regime in the vicinity @f = 0. girectly [14,15]. It is important to note that apart from
An interesting situation arises when = rz = r, as in

this case the second term in the square brackets dominategg| £ |  Results for the particle density exponerg&’ ob-
for |r| — 0, tained from Monte Carlo simulations and RG calculations.

ng = [Duas(—r)/ars]? + O(rl). (5) d=1 d=2 d=3 d=4—¢

Hence 8@ = 1/2 instead of the mean-field DP value. BE; 8-%5(18) 8'2(7)(451) 8-;2(? 1 —€/6+ 0(62)2
More generally, this multicritical behavior arises in the 3(3) 0'038E8)) 0-13((3; 0-15((4; }ﬁ - e% I ggszg
regime (Drg/2Ap)* < D(=ra)pas/AaAg for ry 10. B - . : € €
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the continuum limit, this procedure exactand requires the noise. In the present case, the field theory describing
no additional assumptions regarding the precise form ofhe two-level coupled reactions ihdimensions is defined
| by the action (we omit terms related to the initial state)

S = f ddxf dt{ald, + D(ra — V)]a — oaa’a + M(aa® + @*a®) — wagba + b[o, + D(rg — V)b
— opb?*b + Ag(bb* + b*b?)}. (6)

We remark that(a) = ny and (b) = ng, whereas thel measure times in units ok 2 (i.e., [Do] = «©), we

fieldsa, b have no direct physical interpretation. find that the new fields have scaling dimensief/?,
It is now convenient to rescale the fields accord-while [r4] = [rz] = [1o] = «2, which are thus relevant
ing to a= (Au/oa) 2Py, a = (ga/A)Y*yy, b=  perturbations in the RG sense. On the other hand,

(Ag/op)2@9, b = (05/A5)/*@y, and also define [ug] = [uy] = x2~9/2, and the corresponding DP nonlin-
new couplingsuy = 20ar)'2, uy = 2(opAg)' /%, as  earities become marginal id. = 4 dimensions, as ex-
well as uo = mag(oars/oprs)'/? (henceforth, the pected [10]. Itis important to note, however, thag] =
subscript “0” denotes unrenormalized quantities). If[Az] = «2>~¢, and hence these couplings areslevant
we introduce a length scale™' and correspondingly as compared tay and uy, and may be omitted in the

| effective action (see Ref. [12]), which consequently reads

Seft = ] ddxf dl{@o[az + Do(ra — V)1 — %(@g% — do) — mo@otho + @old: + Dolrg — V*)eo

/
u
- (@he0 - posdl]. )

The saddle-point equations corresponding to this actionlaremain those of the DP universality classadlthierarchy
precisely the mean-field rate equations (3),(4) but with  levels, whereas the exponegt®) is unchanged only at
¢o instead ofny, np, and with wap, A4, and Ap replaced the first level

by w, uo/2, andugy/2. We remark that the harmonic part

14
of this action can be diagonalizezhly when ry # rg, B = 7l(d +tz-2+mn)=1-¢€/6+ O().
leading to new cubic vertices mixing the fielgts and ¢.
However, these additional vertices have no influence on the (10)

behavior of thed andB species [20], and the diagonalized For the similarly defined renormalized mixed cubic ver-

theory leads to the anticipated DP critical behavior at bothices, one finds two R@xed lines The first is given by

critical lines ¢4 = 0, rg # 0) and ¢4 > 0, rg = 0) [17]. w ol e CINE (I "
Here we are predominantly interested in the multicriti- 8/P)" = —&/D)y". (5/D)" = (s'/D)" = 2(s/D)",

cal pointry, = rg = rop — 0, and thus we must work with (11)
the nondiagonal action (7). Furthermore, due to the inclu- w 12 . PR
sion of the relevant scaling field,, a number of “mixed” (/D)) = 2(e/3)"[(s/D)" + (s'/D)],  (12)

cubic vertices are additionally generated at the tree levelyith stability matrix eigenvalues, 0, —e/3, —e/3, which
all of which have scaling dimensiok*~%/2, These ver- imply that this fixed line (including the Gaussian fixed
tices must be taken into account separately, and hence vpmint for AS) is unstable fod < 4. The second one,

need to replace (7) with,. = Seer + SA/S’ where (s'/D)* = (3/D)", (s/D)* + (3'/D)* = 2(e/3)'2,
AS = f ddx] dr[—socpo(ao% - 5‘)@0«,//0 (13)
with again Eq. (12), turns out to &ableas its stability

+ %¢O¢g+§6¢0¢0¢0] (8) matrix has eigenvalued,e/3,¢/3,4¢/3 [17]. We

. . remark that both fixed lines (11) and (13) with (12)
It is now a straightforward task to compute the renor-Sa,[iSfy the condition (6/3)1/2[(s’/D)* + (3/D)"] =

malized couplings and the RG fixed points to one—loop_(s/D)*G,/D)*’ which ensures the cancellation of

o The P onineartes i () e, ecttongly snguiar (UV dvergent 1 - 2) dagrans for
fi>)</ed points for the associatéd dimensionless renormalizethe renormalizat_ion Ofo. - The RG eigenvalue ou

: - 12 (a—dy2 2 g St these fixed lines then becomeg = 2 + /6 and
couplings u = upA; "« and u’ = upAq "k © yu =2 — €/6, respectively. In principle a product of

whereA; = I;(g - d/%)/zi;l w2, are ) quartic vertices angky, might enter the renormalizations
[(u/D)') = [('/D)') = 4€/3 + O(e”).  (9)  of the three-point functions as well. However, we have
Hence the critical exponents;; = —e/12 + O(e?),  checked that these additional couplings all have negative

vi'=2—€/4+ 0(?), andz =2 — €/12 + O(€?) RG eigenvalues and are therefore irrelevant [17].
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We next define the crossover exponéntelated to the size that the existence of such a multicritical regime is to
new scaling fieldu/D, as it appears in the general scalingbe expected generically whenever processes of the ubiqui-

form for the B-species “density” field, tous DP universality class are coupled unidirectionally.
BY A We benefited from discussions with J. L. Cardy, M. R.
o(rl, u/D) = 11" &(rl"* u/D) (14) Evans, Y.Y. Goldschmidt, and D. Mukamel. U.C.T. ac-
and identify knowledges support from the European Commission, con-

. . 2 tract No. ERB FMBI-CT96-1189, and from the Deutsche
¢ =vilyu T2 =2) =1+ 0() (15) Forschungsgemeinschaft, Gz. Ta 127
at the stable fixed line.

Finally, we relate the above exponedt to the den-
sity exponeni3® on the second hierarchy level. We first
use the RG flow equations for the scale-dependent renor- +*present address: Physik-Department T34, TU Minchen,
malized parameters, and then match to our earlier mean- James-Franck-StraRe, D-85747 Garching, Germany.
field result (5) for the density in the active phase in the [1] B. Schmittmann and R.K.P. Zia, iPhase Transitions
vicinity of the multicritical point. In terms of the rescaled and Critical Phenomenaedited by C. Domb and J.L.
fields, we foundeg, = (Z/Lozpff/u())l/z for ro — 0. Es- Lebowitz (Aca,demic Press, Neyv York, 1996).
sentially, we now have to replace the bare parameterd2l M- Droz, Z. Racz, and J. Schmidt, Phys. Rev38, 2141
here by their flowing renormalized counterparts, when in- (1989).

. [3] A.L. Barabasi and H.E. Stanleykractal Concepts in
verse length scales are rescaled according 4o «(. To Surface Growti{Cambridge University Press, Cambridge,

that end, we first note that the fields and ¢ scale as England, 1995); J. Krug, Adv. Phy46, 139 (1997).
f(d_ﬂ‘zf’h)/z. Furthermore, the (e) fixed points (9) re- 4] v. Kuzovkov and E. Kotomin, Rep. Prog. Phy&l, 1479
quire u)(¢)/D(€£) — const, and according to our defini- (1988).
tions, we have (¢) — r€~ '/ andu(€)/D(€) o« =%/, [5] J.L. Cardy, e-print cond-mat/9607163.
Upon identifying€ = (—r)”+, we finally arrive at [6] Percolation Structures and Processesedited by
G. Deutscher, R. Zallen, and J. Adler, Annals of the Israel
2 — p) _ — _ 2 , , )
BY =8 ¢/2=1/2-€/6 + 0(’), (16) Physical Society Vol. 5 (Adam Hilger, Bristol, 1983).

using our above results [16]. Equivalently, this follows [7] P.C. Hohenberg and B.l. Halperin, Rev. Mod. Ph4s,
by demanding that the scaling function in Eq. (14) behave _ 435 (1977). .

as é(x) — 172 for x — , as prescribed by mean-field [8] M. Kardar, G. Parisi, a_nd Y.-C. Zhang, Phys. Rev. L(_att.
theory (5). TheO(e) result (16) constitutes a sizable 56, 889 (1986); for reviews, see Ref. [3] and T. Halpin-

A . Healy and Y.-C. Zhang, Phys. Rezb4, 215 (1995).
downwardrenormalization through fluctuation effects, as [9] For a review, see W. Kinzel, in Ref. [6], p. 425.

is also evident from the simulation data in Table I. Thesqlo] P. Grassberger and K. Sundermeyer, Phys. Z&®, 220

can be explained with the valugs= 0.33, 0.54, and0.86 (1978); J.L. Cardy and R.L. Sugar, J. Phys13, L423
ind = 1,2, and3, respectively. (1980); H.K. Janssen, Z. Phys.42, 151 (1981).

In principle, these considerations are readily generalf11] P. Grassberger, F. Krause, and T. van der Twer, J. Phys.
ized to further hierarchy levels [17]. For example, al- A 17, L105 (1984); H. Takayasu and A.Yu. Tretyakov,
though a combination of processas— B and B — C Phys. Rev. Lett.68 3060 (1992); see also [12], and
will generate the reactiod — C as well, one finds that references therein.

the additional relevant scaling fielgac does not en- [12] J.L. Cardy and U.C. Tauber, Phys. Rev. L&, 4780

; - : 1996); e-print cond-mat/9704160.
ter the leading contribution to th€ density near the ( o
multicritical pointry = r5 = rc = r — 0. Hencene ~ [13] U. Alon, M.R. Evans, H. Hinrichsen, and D. Mukamel,

Phys. Rev. Lett.76, 2746 (1996); e-print cond-mat/

[D papmbe(—r)/AarpAe]"*, implying that no additional 9710142

independent exponents need to be introduced. We thefi4) M. Doi, J. Phys. A9, 1479 (1976); P. Grassberger and

find B = B — 3¢ /4 =1/4 — €/6 + O(€). P. Scheunert, Fortschr. Phy28, 547 (1980); L. Peliti,
In summary, we have studied a hierarchyuoifidirec- J. Phys. (Paris}6, 1469 (1984); B.P. Lee, J. Phys. 2,

tionally coupledDP processes (no feedback), as defined 2633 (1994).

by the diffusion-limited reactions (1),(2). Already within [15] B.P. Lee and J. Cardy, J. Stat. Phy, 971 (1995);
mean-field theory, we have identified a purelynamic M. Howard and U. C. Tauber, J. Phys.38, 7721 (1997).
multicritical point, which occurs when the DP critical [16] The one-loop results were also independently derived by
points at each level coincide. Using a field-theoretic rep-__ Y- Y. Goldschmidt (private communication).

resentation, we have evaluated@ge) the crossover ex- [17] Further details will be presented elsewhere: Y.Y. Gold-

: . schmidt, H. Hinrichsen, M.J. Howard, and U.C. Tauber
ponent¢ related to the relevant scaling field,z/D. We (unpublished).

then derived a scaling relation which allowed us to de118] P. Grassberger and A. de la Torre, Ann. Phys. (N122,
termine 8?. In accord with our Monte Carlo simula- 373 (1979). '

tion results, fluctuation effects lead to a stradmvnward  [19] I. Jensen and A.J. Guttmann, J. Phys2@ 4813 (1995);
renormalization of the density exponents as compared |. Jensen, Phys. Rev. Left7, 4988 (1996).

with the mean-field valueg® = 1/2~!. We empha- [20] H.K. Janssen, Phys. Rev. LeTi8, 2890 (1997).
2168



